Continuity and Differentiability
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Also, f(0)=0. . T isnot continuous at x =0
Since f(x) is not continuous, it is not differentiable.
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f1(x) is not differentiable at x =0.
If n>1, then
h" sini—o
£ (0)=lim @MW =1 _yr, = lim
haO h h—0 h—0

It is differentiable at

h—0

x e R /{0}.

(h"lsin%jzo ,Where n>1.

Whenx=0,f,’(x) = i(x”sinljznx”lsini—x“cosi ,for n>1.
dx X X X
nx""*sin = x”’zcosl when x #0
L f(x)= X X ,Where neN/{1}.
0 ,when x=0
L 1
. 1-2% 1-27 1-0 1-2¥ . ux T 0-1
(i) lim = — = = lim = li -
x>0 142%% 1427 140 o0 1427 o0t 1041
21/x+
—2¥ 1-2¥ 1-2%
lim # lim and has a jump discontinuity.
0" 1+21/>< an* 1+21/x 1+21/x J p y
(i) lim ! _ 71 _ 1 =1, lim———=1lim ! =0
x>0 341 37 4+1 0+1 x0" 3Y 41 x50" 4o +1
lim # lim and ——— has a jump discontinuity.
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lim = lim and the function is undefinedat x=0.
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Then f(x) is a continuous function with the discontinuity removed.
S 1 1 11
h2 _a 0 h T
(@ f'(0)=lim f(0+h) 1O _ jim =lim =lim hl =lim dhh
h—0 h—0 h—0 h h—0 = h-0 1 hiz
eh

dh

[sin%) , which is undefined (see Q.1)

, by L’hospital rule.



= 5 L
i h? _ . —h _ . oy —e X X#0
-l L = lip -0 SRCRE e
Sen 2e 0 , x=0
2 o 1 2 d 2
3 - h Y T
() (0)=1 f(o”‘) 10 _ jimh “im 22— im S Cjimdhh® by | ohospital rule.
h—>0 h—0 h h>0 ph* h>o L hso g L
ehz 2 ah?
dh
_8 _A .14 8
5 2 2 3
SN G P G I G G A Y
h—0 2 = h—0 = h—0 1 = h—0 2 = h—0 =
7eh eh T ah = ah eh
h? dh h®
We need to show only :  f(x) =0 whenever x s irrational .
VXxoel and X, isirrational, there exists an infinite sequence Xi, X, ...., Xn, ... Of rational
numbers such that I|mx =X -
Since f(x) is continuous, fklmx —I|mf ) 0 , since f(x)=0,%x€@.
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X iscontinuous at Xg=%.
If xXp=%, and x isrational. Then f(Xo) = Xo.
There exists an infinite sequence  Xi, Xa, ...., Xn, ... Of irrational numbers such that limx, =X, .
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Suppose that f(x) is continuous at that point, then lim f(x)="f(x, )= x,
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This leads to contradictionas 1 —Xy=Xp has no solution if Xy#%.

The proof is similar if xp#%, and x isirrational.

(b) If g(x)=1f(x)f(1-x), then g(x)=x(1-x)no matter x is rational or irrational.

Obviously g(x) is continuous since it is a quadratic function (polynomials are continuous)
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f(xy) = f(x) + f(y) = f(1)=f(1x1)=fQ1)+f(1)=2f(1) = f(1)=0.
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